We determine the complete set of axial and vector form factors for the Ds → φ ν decay from full lattice QCD for the first time. The valence quarks are implemented using the Highly Improved Staggered Quark action and we normalise the appropriate axial and vector currents fully nonperturbatively. The q 2 and angular distributions we obtain for the differential rate agree well with those from the BaBar experiment and, from the total branching fraction, we obtain Vcs = 1.017(63), in good agreement with that from D → K ν semileptonic decay. We also find the mass and decay constant of the φ meson in good agreement with experiment, showing that its decay to KK (which we do not include here) has at most a small effect. We include an Appendix on nonperturbative renormalisation of the complete set of staggered vector and axial vector bilinears needed for this calculation.
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I. INTRODUCTION.
The analysis of weak semileptonic decays in which one meson changes into another and emits a W boson provides a strong test of QCD. The test is complementary to that of comparing QCD predictions to experiment for the meson mass and leptonic decay constants, and in principle more stringent because, instead of just one number, the comparison involves the shape of a differential rate as a function of q 2 , the square of the 4-momentum transfer from initial to final meson. The QCD information that appears in the differential rate, and the functions of q 2 that are calculated in lattice QCD, are known as form factors. Lattice QCD calculations have largely focussed on pseudoscalar to pseudoscalar decays where only one form factor contributes to the experimental rate. Accurate tests against experiment have been carried out for, for example, D → K ν decay [1] . Here we study the pseudoscalar to vector decay, D s → φ ν, in which 3 form factors contribute to the experimental results. This allows us to compare angular distributions as well as differential rates in q 2 , providing a more complete test of how QCD interactions that bind a quark inside a meson affect the quark weak decay process. This is the first time this calculation has been done in full lattice QCD including the effect of sea quarks.
The fundamental quark weak decay in D s → φ ν is a c → s transition and so comparison with experiment allows us to determine V cs . This is then a direct determination of this CKM element which is independent of other methods such as D → K ν semileptonic decay or D s leptonic annihilation. Although our result is currently not as accurate as these other methods, it nevertheless contributes to improving our confidence in the determination of V cs and the second row and column CKM unitarity tests in which it plays a key role.
The D s → φ decay has initial and final mesons with no light valence quarks. This is useful for a lattice QCD calculation which includes light quarks with masses that are heavier than the physical values since it means that the extrapolation in the light quark mass to the physical point only affects sea quark contributions and so is relatively benign. The φ meson is likely to be more sensitive to light quark masses than the D s because it has a strong decay mode to KK. The φ is below threshold for this decay in a lattice QCD calculation with heavier-thanphysical light quark masses; it is only just above threshold when the light quarks have their physical masses. We will treat the φ as stable in our lattice QCD calculation. By comparing the φ decay constant we calculate on the lattice to the experimental rate, we can estimate the systematic error on matrix elements that can arise from ignoring the strong decay.
The q 2 range for D s → φ decay is not large, running from q 2 max = (M Ds − M φ ) 2 = 0.898 GeV 2 to q 2 = 0. We can easily cover the entire range in a lattice QCD calculation, needing only p φ = 0.719 GeV in the D s rest frame to reach q 2 = 0. Discretisation errors are then small in a good discretisation such as the Highly Improved Staggered Quark formalism [2] that we use here. Since the entire range in q 2 is covered we can make a detailed comparison to experimental distributions as a function of q 2 and we can integrate over q 2 to extract V cs from a comparison to experiment of the total branching fraction.
The paper is laid out as follows: Section II describes the theoretical background and then Section III gives a general description of the lattice calculation. Section IV gives the details of the results, first for the φ meson and then for each of the form factors for D s → φ in turn, describing how they were calculated. A comparison to BaBar's experimental results is then made for the form factors and for the differential distributions as a function of q 2 and decay product angles and finally V cs is deter-mined from the total rate. In Section V we discuss the comparison between our form factors for D s → φ with those extracted by CLEO from experiment for D → K * . Section VI gives our conclusions. In Appendix A we describe how to normalise all the form factors nonperturbatively and in Appendix B we give more details for the specific case of the 1-link axial current operator.
II. THEORETICAL BACKGROUND
The matrix element of the hadronic weak V −A current between the pseudoscalar D s and the vector φ meson can be expressed in terms of form factors as [3] φ(p , ε)|V µ − A µ |D s (p)
= 2i
Here ε is the polarization vector of the φ meson and q µ = p µ −p µ . The vector and axial vector currents are given in this case by cγ µ s and cγ µ γ 5 s. A 3 is not an independent form factor since
. (2) We also have the kinematic constraint that A 3 (0) = A 0 (0). The form factors that appear with factors of q µ do not contribute significantly to the experimental rate when the W boson decays to e + ν e or µ + ν µ . The reason is that the expression in Eq. 1 is dotted into the leptonic current, L µ = u γ µ (1 − γ 5 )u ν , when forming the rate and q µ L µ → 0 as m → 0. Thus the form factors that we need to calculate to compare to experiment are V (q 2 ), A 1 (q 2 ) and A 2 (q 2 ). In the lattice QCD calculation, to be described in section III, all of the form factors will appear in the matrix elements of the vector and axial vector currents that we calculate (as in Eq. 1), and we have to choose particular kinematic configurations to isolate each one. We will also use the matrix element of the pseudoscalar current, P = cγ 5 s, to access some of the form factors. From the partially conserved axial current (PCAC), ∂ µ A µ = (m 1 + m 2 )P , which is exact for staggered quarks we have
As well as comparing the shape of the extracted form factors to experiment we can also compare the differential cross-section in bins of q 2 or of the important angular variables for this decay. These angles are shown in Fig. 1 for results corresponding to the case where the φ is seen through its decay to K + K − . θ is the angle between the momentum of the charged lepton and that of the W boson (= centre of momentum of the charged lepton and the neutrino) in the rest frame of the D s . θ K is the angle between the momentum of one of the K mesons (K + for D + s and K − for D − s ) and the φ (= centre of momentum for both K mesons). χ is the angle between the two planes, one defined by the K meson pair and the other defined by the lepton pair.
The differential rate for the decay is then given in terms of helicity amplitudes as [3] 
p φ is the momentum of the φ in the D s rest frame, in which we work. H ± , H 0 correspond to contributions from different W helicities, and the W and φ helicities are constrained to be the same because the parent meson has zero spin. Helicity information on the quark produced in the weak decay is lost in a pseudoscalar to pseudoscalar transition, because the final meson has no helicity. Here, in a pseudoscalar to vector transition it is not lost, and thus the distributions give more information about the V − A nature of the weak interaction. For a c → s decay we expect a predominantly λ = −1/2 s quark to be produced, which can then form a helicity 0 or helicity -1 meson by combining with the spectator s to form a φ. Thus we expect H − to dominate over H + . The W in a c → s decay is a W + and therefore decays to + ν. A fast-moving + will be predominantly λ = +1/2 and therefore preferentially thrown backwards in the D s rest frame to balance helicities. This explains the cos θ distributions for the term proportional to |H − (q 2 )| 2 [3] . At low q 2 , where the dominant configuration has the + and ν in parallel, balancing the φ, H 0 will dominate because the spins of and ν will cancel.
The helicity functions are related to the form factors as
and
The p φ q 2 factor in the differential cross-section (Eq. 4) means that the contribution of H 0 (q 2 ) does not diverge as q 2 → 0. Note that A 1 contributes to all helicities, A 2 only to H 0 and V only to H ± . At high q 2 where p φ → 0, A 1 dominates all of the helicities.
In the differential decay rate given in Eq. 4, the lepton mass is neglected. This is a good approximation for D s → φ semileptonic decays where = e, µ and one which we make for our comparison with BaBar results [4] , in which the final state lepton is an electron.
However, we can calculate in lattice QCD the contributions to the decay rate that are suppressed by factors of m 2 and study their relative size. If we do not neglect the lepton mass, the decay rate also includes [5] 3 8(4π) 4 G φ = 2M Ds p φ and we also have A 0 (0) = A 3 (0). We can calculate A 0 (q 2 ) using a pseudoscalar current (see Eq. 3), so it is straightforward to calculate H t (q 2 ) in lattice QCD.
As H t is proportional to 1/ q 2 , it is most important at low q 2 . The effect of this helicity amplitude could be detected as a difference in the semileptonic decay rate with electrons or muons in the final state. It has been observed in the measurements of D → K * ν made by CLEO [6] .
III. LATTICE CALCULATION.
For the lattice QCD calculation we use the Highly Improved Staggered Quark action [2] for all the valence quarks. This action has very small discretisation errors,
Diagram to show the angles used for the differential rate for Ds → φ ν. ν are drawn in the virtual W * rest frame and K + K − in the φ rest frame. The angles are defined in the Ds rest frame, however [3] .
making it an excellent action for c [2, [7] [8] [9] as well as for the lighter s quarks we need here. We calculate HISQ propagators on gluon field configurations generated by the MILC collaboration that include u, d and s sea quarks using the asqtad formalism [10] . Table I gives the parameters of the ensembles of configurations we use, with two different lattice spacing values and two different u/d sea quark masses.
To tune the s and c quark masses to their correct physical values we use the pseudoscalar η s and η c meson masses [8] . The η s is a fictitious ss pseudoscalar that is not allowed to decay in lattice QCD. Although this meson does not occur in the real world its mass can be accurately determined in lattice QCD because it does not contain valence u/d quarks, and a 'physical' value for its mass can be determined in the continuum and chiral limits. We find M ηs = 0.6858(40) GeV [11] , and use this to tune the s quark mass [8] . In tuning the c quark mass here we must use the value of the η c mass [8] in a world without electromagnetism or c quarks in the sea. We take this to be M ηc =2.985(3) GeV [12] . Discretisation errors from using the HISQ action are reduced for c quarks by modifying the coefficient of the 'Naik' term [13] , which corrects for a 2 errors in the covariant derivative, to include the tree-level correction which is a function of the bare quark mass, m c a [8] . A measure of the smallness of the resulting discretisation errors comes from a study of the 'speed of light' for the η c [9] . This differs from 1 by less than 3% on both the coarse and fine lattices.
The quark propagators are made from a 'random wall' source -a colour-vector of random numbers in U(1) on a source timeslice -to reduce the statistical noise. We use four evenly spaced time sources on each configuration, choosing the first time source randomly to reduce correlations between configurations.
The lattice spacing is determined for each ensemble using the calculation of static quark potential by MILC and the extraction of a parameter associated with that potential called r 1 [10] . The value for this parameter in units of the lattice spacing, r 1 /a, is given in Table I . use the MILC convention where u0 is the plaquette tadpole parameter. The lattice spacing is given in units of r1 after 'smoothing' [10] . We use r1 = 0.3133(23) fm [11] . Sets 1 and 2 are 'coarse' (a ≈ 0.12 fm) and set 3, 'fine' (a ≈ 0.09 fm). The lattice size is given by L 3 s × Lt. Column 5 gives the sea light quark mass in units of the physical strange mass, as determined in [8] . Columns 7 and 8 give the valence s and c HISQ quark masses, tuned to the physical values [8] . We use 4 time sources on each of the n cf g configurations. The final column lists the T values used in the 3-pt correlators (see Fig. 2 ). Using a physical value for r 1 , r 1 = 0.3133(23) fm [11] , allows us to convert these numbers to a value for the lattice spacing, a, on each ensemble. This allows us in turn to convert all dimensionful quantities calculated on the lattice into GeV units.
The HISQ s and c quark propagators calculated on these gluon field configurations are combined to make meson correlators (2-point functions) for D s and φ and 3-point functions that allow us to calculate the D s to φ transition matrix element.
Correlators for mesons with specific spin-parity quantum numbers are made using staggered quarks (which have no spin degree of freedom) by including space-timedependent phases of ±1 at source and sink. This can be combined with a point-splitting of the source/sink operator. Because of fermion doubling there are 16 'tastes' of every meson. We will use the spin-taste notation γ n ⊗ γ s to denote a staggered bilinear with spin γ n and taste γ s . The masses of the different tastes differ by discretisation errors (at O(a 2 )) and we are free to use whichever taste is the most convenient for each calculation. We will make use of that freedom here. However, because point-split source and sink operators typically give noisier results than local operators, we will restrict ourselves to at most a 1-link point-splitting.
We will use two different local operators to create/destroy D s mesons. One is the local γ 5 'Goldstone' operator (i.e. γ 5 ⊗ γ 5 ) and the other is the local γ t γ 5 operator. The pattern of taste-splittings for pseudoscalar mesons is well mapped out and significantly reduced for HISQ quarks [2] over those in the asqtad formalism [14] . We expect splittings in the squared-mass of the different pseudoscalar tastes to be proportional to a 2 . The lightest pseudoscalar is the Goldstone meson and the next lightest is that of the local γ t γ 5 operator. Since the a 2 taste-splitting effect is in the square of the mass, the mass splitting between pseudoscalars actually falls as the mass increases (as long as the mass does not become too large) [2] . So in fact the difference in mass between the two tastes of D s used here is very small, as we will see in Section IV.
For vector mesons taste-splittings are significantly smaller [9] . Here we will use both a local and a 1-link point-split operator for the φ and discuss results from those and the comparison between them in IV A. In principle the φ meson is a flavor-singlet. However, we expect the effect of 'disconnected' diagrams (two s quark loops connected only by gluon exchange) to be small for vector mesons [15] and we do not include them here. In the real world the φ decays strongly to KK but not in our lattice QCD simulations. We consider the effect of that on our φ mesons in Section IV A.
A schematic diagram for the 3-point function for D s to φ decay is shown in Fig. 2 . Quark propagators 1 and 3 correspond to s quarks and propagator 2 is for a c quark. Propagators 1 and 3 are tied together with appropriate phases to make a φ meson at the origin. Propagator 2 is calculated from a source made from propagator 1 at timeslice T , using appropriate phases for a pseudoscalar D s meson. Finally propagators 2 and 3 are combined at timeslice t with appropriate phases to correspond to a vector, axial vector or pseudoscalar current, so that we can determine the vector and axial vector form factors discussed in Section II.
To cover the range of squared 4-momentum transfer, q 2 , available in the decay we keep the D s meson at rest and give spatial momentum to the φ meson varying from zero up to an appropriate value to set q 2 = 0. We do this by calculating s quark propagators for propagator 3 that carry spatial momentum through the use of a 'twisted boundary condition' [16, 17] . If propagator 3 is calculated with boundary condition
then the momentum of the φ meson made by combining propagators 1 and 3 with our random wall sources and summing over spatial sites at the sink is
The boundary condition in eq. (9) is actually implemented by multiplying the gluon links in the j direction by phase exp(iθ j /L s ). The 3-point function for D s → φ is calculated for all t values from 0 to T and for several values of T (which include both even and odd values as given in Table I ) so that the dependence of the function on t and T can be fully mapped out. The 3-point function is fit simultaneously with the 2-point function using fit forms
with fn(E, t) = e −Et + e −E(Lt−t)
fo(E, t) = (−1) t/a fn(E, t).
We use Bayesian methods [18] that allow us to include the effect of excited states, both 'radial' excitations (n) and, because we are using staggered quarks, opposite parity mesons that give oscillating terms (o). We fit all the 2-point and 3-point correlators on a given ensemble at multiple momenta simultaneously to take account of correlations. The Bayesian approach requires the constraint of prior values and widths on the parameters. These are taken as: ground-state energy, 2% width; splitting between ground-state and excited energies, 600 MeV with 50% width; splitting between ground-state and lowest oscillating state, 400 MeV with 50% width; amplitudes, 0.01(1.0) for normal states and 0.01(0.5) for oscillating states; matrix elements, 0.01(1.0). In Eq. 11, d in are the amplitudes for creation/annihilation of the D s or φ mesons. The amplitude can be converted into the decay constant and this will be discussed for the φ in Section IV A. Results for the D s mass and decay constant on these gauge configurations were presented in [8] . J in,jn is related to the matrix element of the vector, axial vector or pseudoscalar current between D s and φ. By matching to a continuum correlator with a relativistic normalisation of states and allowing for a renormalisation of the lattice current we see that the matrix elements between the ground state mesons that we want to determine are given by
The vector current we use for the D s → φ transition is a local spatial current. We use both a local and a pointsplit axial vector current. The point-split current does not include gauge links because we work in the Coulomb gauge. The local pseudoscalar current we use is absolutely normalised when multiplied by the lattice quark mass. The vector and axial vector currents are nonperturbatively normalised, as described in Appendix A, and the Z factors we obtain on each of our ensembles are given in Table V. IV. RESULTS
A. The φ meson
When handling the φ meson in our lattice QCD calculations we have treated it as a pure ss vector meson and not included quark-line disconnected diagrams that could mix in light-quark components. These effects are expected to be very small from phenomenology. For example the width for φ to decay to π 0 γ, which would be zero for a pure ss φ, is 5.5keV [19] (branching fraction 0.13%). This compares to a width to π 0 γ for the light vector ω of 700keV [19] (branching fraction 8%). In lattice QCD calculations where quark-line disconnected diagrams have been included they are indeed found to have tiny effect for vectors. Ref. [20] gives a mixing angle between φ and ω of 1.7(2)
• for relatively heavy light quarks. We conclude that quark-line disconnected diagrams are a negligible issue here.
The φ meson in the real world decays strongly to KK and hence is not 'gold-plated'. The φ meson mass is close to threshold for this decay, however, and so the φ width is small (4 MeV [19] ). It may then be true that the impact of the decay channel is not large and it may effectively be possible to treat the φ as being close to gold-plated within lattice QCD.
A simple model by which we can analyse the effect of the KK channel on the φ is to treat both φ and K as elementary particles and couple them with a P-wave vertex, gε · p. Here ε is the polarization vector of the φ and p is the momentum of the K in the φ rest frame. Then, from perturbation theory treating the K as nonrelativistic
where ∆M ≡ M φ − 2M K . Spin-averaging, and absorbing factors into the coupling constant, gives dropping higher order terms in γ where
The imaginary part is the width, Γ φ =g 2 πγ 3 , and we can use this to estimateg. Using the physical width and physical masses [19] givesg 2 ≈ 0.35 for both charged K and neutral K decay modes. The shift in the mass expected from coupling to the K decay mode is then −g 2 γ 2 Λ, giving a result of ≈ −5MeV. This is a very small effect, less than 0.5% of the mass, so that the φ meson behaves as a gold-plated particle to a good approximation.
On the lattice, the coupling to the KK decay mode is distorted by the fact that the K meson will typically have a higher mass than its physical value because the sea u/d quarks will be too heavy. Then M φ − 2M K will be negative and the expected shift in the φ meson mass resulting from coupling to KK will be positive. Thus we expect the φ meson mass on the lattice to have more dependence on the sea u/d quark masses than a typical gold-plated meson would have, and for its mass to be too high for unphysically heavy u/d quark masses.
Both of these effects are borne out in our results. Table II gives results for the φ mass obtained from the combined fit to 2-point and 3-point functions described in Eq. 11, along with values of the η s meson mass for the same valence s quarks. Notice that the statistical error on the φ mass is much larger than that for the η s . This is a consequence of the exponentially falling signal-to-noise ratio for particles like the φ where the noise amplitude is governed by a lighter mass (in this case the η s ) than the signal. Figure 3 shows the difference in mass between the φ and the η s plotted as a function of the sea light quark mass in units of the physical strange quark mass (which is given in Table I ). The figure shows results for the 1-link φ operator but results for the local φ are similar. The shaded band gives the result at the physical value of m l /m s (1/27.5 [19] ) from a simple fit. This allows for a linear term in m l /m s and quadratic and quartic terms in a. We obtain the result 0.346(15) GeV at the physical point, which agrees within errors with the value obtained from the experimental result for the φ mass and the lattice result for the η s mass in the continuum and chiral limits [11] (0.3337(40) GeV). Hence it seems that light quark mass effects from the coupling to KK are relatively benign compared to the significant statistical errors that we have in the φ mass.
A similar result is seen for the φ meson decay constant, f φ . Table II gives results for the φ decay constant obtained from the combined fit to 2-point and 3-point The 'experimental' result is plotted with a black burst. This is obtained from the experimental result for M φ and the lattice QCD result for Mη s in the continuum and chiral limits [11] . The gray shaded band gives the lattice result in the continuum and chiral limits from a simple fit described in the text. Lower plot: A similar plot for the φ and ηs decay constants. The black bursts denote the experimental result for the φ obtained from its leptonic width [19] and the result from lattice QCD for the ηs [11] .
functions described in Eq. 11. The decay constant is extracted from the amplitude of the ground-state φ in the 2-point function, d φ 0 , using
where Z is the renormalisation factor required to match the lattice vector current used to create or destroy the φ to the continuum. We give results for both the local vector current and the 1-link vector current in Table II and they can both be renormalised fully nonperturbatively. How this is done is described in Appendix A and the appropriate renormalisation constants are given in Table V .
We plot f φ in Figure 3 for the 1-link φ. Results for the local φ are similar. A simple extrapolation, as for the mass, gives a physical result of f φ = 241(18) MeV, which agrees within errors with the experimental value of f φ = 229(4) MeV obtained from Γ(φ → e + e − ) (1.27(4) keV [19] ). The decay constant is related to the leptonic decay rate by
where e s is the electric charge of the s quarks in units of e, i.e. −1/3. We show for comparison the results for the decay constant of the η s which was studied on the lattice in [11] . There is some sign that the φ meson has enhanced dependence on m l /m s compared to that of the gold-plated η s . This might be expected to be a result of coupling to KK but it causes no problem in the extrapolation to the physical point of the decay constant within the lattice errors of 7%. For a phenomenological comparison that could shed light on how large an effect we might expect on meson properties from coupling to decay channels, we can compare the ω and the ρ. They are both made of light u/d valence quarks but the ρ has a strong two-body decay mode to ππ which is not allowed for the ω by G-parity (which instead decays to three π). The ω and ρ masses nevertheless agree to within 10 MeV so little effect of the ρ decay mode is seen there. We expect the leptonic width of the ω to be one-ninth that of the ρ simply from isospin [21] . In fact this expectation is violated by about 30%, which might indicate a 15% effect in the ρ decay constant from coupling to decay channels. This should be compared to a 7(7)% possible effect in the φ from our results, as described above.
For possible effects on a meson to meson transition rate where one of the mesons in the process is gold-plated and the other is not, we can compare the decay of ρ and ω to π 0 γ. Here we expect the rate for the ρ to be oneninth that of the ω [21] . This expectation is violated by 12%, indicating a possible 6% effect in the matrix element. Following the discussion of the decay constant above, this would mean that a reasonable error to take on a transition matrix element involving the φ (i.e. D s → φ ν) as a result of φ coupling to KK might be half this, i.e. 3%.
B. Results for form factors
As discussed in Section III we calculate 3-point functions for D s to φ decay by inserting either a vector, axial vector or pseudoscalar current between the D s and the φ. By choosing appropriate kinematic conditions we can isolate the individual form factors from Eq. 1. We keep the D s meson at rest but can give the φ spatial momentum in different directions and choose its spin polarization.
For a 3-point function made of staggered quarks all the tastes must 'cancel'. Therefore only certain tastes of current can be used with certain tastes of mesons. Below we discuss each of the form factors we extract, explaining the method used. The Z factors for all of the different currents are determined fully non-perturbatively and we describe how that is done in Appendix A. Table III collects all of the form factor results.
From Eq. 1 we see that A 1 (q 2 ) is the only form factor that appears in the matrix element of the axial vector current when ε * · q = 0, i.e. when the φ polarization is orthogonal to the momentum transfer. This is the only contribution to the matrix element at q 2 max when the final state φ meson is at rest. To calculate A 1 (q 2 ) away from q 2 max , we give the φ meson momentum in an orthogonal spatial direction to its polarization.
When the kinematics are set up such that ε * · q = 0, the transition matrix element becomes
The φ polarization vector and the axial vector current must then be in the same spatial direction so that the matrix element in Eq. 18 is non-vanishing.
There is a choice of operators that can be used to extract A 1 (q 2 ): either using a local vector operator for the φ and local axial vector for the current or a 1-link vector and 1-link axial vector.
If we use the 1-link φ with spin-taste γ µ ⊗ 1 at time 0, we also use the 1-link axial vector with spin-taste γ 5 γ µ ⊗ γ 5 at t and the local pseudoscalar (γ 5 ⊗ γ 5 ) for the D s at T (see Fig. 2 ). The staggered 3-point correlator is then
where the sites x, y and z are at times 0, t and T and the sum is over the timeslice. For the point-splitting at x and y we average over links in the forward and backward The form factor results for Ds → φ on each ensemble at all values of q 2 calculated. Column 2 denotes the form factor for the result in column 8. The axial form factors are fitted simultaneously so the (Goldstone) Ds mass is the same for all of them on the same ensemble. The vector form factor V (q 2 ) instead is calculated using the non-Goldstone Ds. Columns 5 and 6 give the value of θ used to give momentum to the φ and the fitted φ energy at this momentum.
directions. As the propagators are for staggered quarks, the trace is only over colour indices.
We write the staggered phase factors using ε(x) =
We fit the 3-point correlator simultaneously with the appropriate 2-point correlators. In this case, these are the correlators for the Goldstone D s and 1-link φ, given by
s (x ±μ, y ±μ) . The sites x and y are again at times 0 and t. The results using these correlators are called '1-link A 1 (q 2 )' in Table  III .
If we use local operators, we have a γ µ ⊗ γ µ operator at 0 for the φ, a γ µ γ 5 ⊗ γ µ γ 5 axial vector at t and the local pseudoscalar at T . This gives the staggered 3-point correlation function
The corresponding D s 2-point correlator is that given by Eq. 20 and the local φ correlator is
The determination of A 1 (q 2 ) using a local axial current is called 'Local A 1 (q 2 )' in Table III 
Determining A0(q
2 )
The A 0 (q 2 ) form factor can be related to the pseudoscalar density using the PCAC relation so can be extracted from the pseudoscalar matrix element using Eq. 3.
The staggered 3-point correlator calculated on the lattice then has γ 5 ⊗ γ 5 at both t and T and a 1-link φ with spin-taste γ µ ⊗ 1 at 0. The correlator is
It cannot be calculated at rest because ε * · q must be non-zero for the matrix element to be non-zero. The φ meson therefore carries momentum in the same direction as its polarization. We fit the 3-point correlators generated using Eq. 24 simultaneously with D s and φ 2-point correlators as given in Eqs. 20 and 21. The results are given in Table III. 3. Determining A2(q 2 )
The form factor A 2 (q 2 ) is difficult to calculate as it only contributes to the matrix element when ε * · q = 0. This requires the φ meson's polarization, ε * , and momentum, p , to be in the same direction. In this case, all of the axial form factors, A 1 (q 2 ), A 2 (q 2 ) and A 0 (q 2 ), appear and we calculate A 2 (q 2 ) given A 1 (q 2 ) and A 0 (q 2 ). At q 2 = 0, we have a relationship between A 0 , A 1 and A 2 because A 3 is given in terms of A 1 and A 2 by Eq. 2 and A 3 (0) = A 0 (0). This means we can extract A 2 (0) from the values of A 1 (0) and A 0 (0).
Away from q 2 = 0, we no longer have the relation between A 0 (q 2 ) and A 3 (q 2 ) so extracting A 2 (q 2 ) is more complicated. If we calculate the 3-point correlation function given by Eq. 19, but with the φ polarization, ε * , parallel to its momentum, p , the result depends of all the axial form factors, and is given by Eq. 1. Using the values of A 1 (q 2 ) and A 0 (q 2 ) determined as described in Sections IV B 1 and IV B 2, A 2 (q 2 ) can be extracted. The results given in Table III use the local determination of A 1 (q 2 ) to extract A 2 (q 2 ), but agree with using 1-link A 1 (q 2 ).
The vector form factor, V (q 2 ), is the same form factor that appears in electromagnetic vector to pseudoscalar meson transitions, such as J/ψ → η c γ [9] . The form factor can be calculated with staggered quarks using the same 3-point correlator setup we used for J/ψ → η c γ.
We calculate V (q 2 ) using the non-Goldstone D s and a 1-link vector operator for the φ where the point-splitting is in a different spatial direction to the polarization. In spin-taste notation, this operator is γ µ ⊗ γ µ γ ν and it is placed at time 0. As the D s meson is at rest, the φ must carry non-zero momentum. The non-Goldstone D s at time T is simulated using a γ 5 γ t ⊗ γ 5 γ t operator and there is a local γ α ⊗ γ α vector operator at t. The 3-point correlation function is
The corresponding non-Goldstone D s 2-point function is given by
and the φ 2-point correlator by
s (x ±ν, y ±ν) .
As the 3-point correlator must be a taste-singlet overall, µ, ν and α must be three different spatial directions. The φ meson polarization vector, vector current and φ momentum must also all be orthogonal to one another due to the µναβ in Eq. 1. Therefore the momentum of the φ must be in the ν direction. For the vector form factor, Eq. 1 reduces to
As the D s meson is at rest, only the time component of its 4-momentum is non-zero so Equation 28 must include p t , the D s energy (in this case, mass). We give our results for V (q 2 ) in Table III . The form factor A1(q 2 ) is shown in black, A2(q 2 ) in blue, V (q 2 ) in red and A0(q 2 ) in green. We also plot the raw lattice results from Table III for each form factor. The bursts are the lattice data from Set 1, squares from Set 2 and circles Set 3. At q 2 max , the φ meson is at rest and only A1(q 2 ) contributes to the decay. We plot the lattice data for both the local and 1-link determinations of A1(q 2 ).
Comparing form factors to experiment
We fit the correlators for all the axial form factors at all values of q 2 simultaneously on each ensemble. This allows us to use the correlation matrix between them in our physical extrapolation. The results in Table III are taken from fits with 5 exponentials for Sets 1 and 2 and 4 exponentials for Set 3.
The extrapolation of the form factors to zero lattice spacing and physical light quark masses is more complicated than for meson masses and decay constants since we want to determine the functional form as a function of q 2 . It is convenient to parameterise the form factors using the z-expansion [22] [23] [24] . The conversion from q 2 to z is made using the transformation
where t + = (m Ds + m φ ) 2 . We will use t 0 = 0 here which means that z = 0 corresponds to q 2 = 0. The zexpansion maps the line above the real axis from q 2 = ∞ to q 2 = t + and then back below the real axis to ∞ onto the unit circle. The semileptonic region 0 < q 2 < q
2 is then mapped to a line inside this circle. The shape of the form factor can be described by a power series in z. As z is small, the series can be truncated and the form factor described with only a few terms.
Physical particles of cs quark content that have appropriate quantum numbers for that form factor and masses between t + and t − will appear as poles inside the unit The form factors calculated on the lattice at maximum recoil. For all the form factors other than A1, we also give the ratio of the form factor at q 2 = 0 to A1(0).
circle. We therefore remove those before we transform to z-space:
andṼ
The pole masses are M D * s = 2112 MeV for the vector and M Ds1 = 2459 MeV for the axial vector [19] . The pole factors here are relatively benign because q 2 max for D s → φ decay is much smaller than either of these masses. This is also the reason why we only divide out one pole in each case, and do not consider higher mass particles. The z-expansion can then be used to extrapolate the lattice QCD form factors to the physical limit by making the coefficients of the terms in z-space depend on the lattice spacing and sea quark masses [1, 25] .
For each of the form factors,F (z), we use the fit functioñ
The fit parameter B F 0 is the form factor at z = q 2 = 0 and chiral parameter x l = m l /m s,phys is given in Table  I . We include up to n = 3 in our fit as we find that all higher terms make no difference to the results.
All the form factors are fitted together to this form, but the coefficients are independent for each one. The priors are taken as 0.0(2.0) for B 
0 . This does not significantly alter the results obtained from our fit, since they are consistent with the constraint without imposing it. The physical z-expansion of the form factor is obtained by setting a = 0 and x l = 1/27.5 [19] .
After the extrapolation, the form factors in the physical limit are converted back to q 2 space. We plot the 
and V (q 2 ) form factors against q 2 for the full physical range of q 2 values in Figure 4 . The solid lines are the central values of the form factors after the extrapolation and the shaded bands show the errors. The raw lattice results for each of these form factors are also plotted with symbols in Figure 4 . We see that the form factors agree well on each set of gauge configurations and do not vary significantly with lattice spacing or sea quark masses, so the extrapolation to the physical point changes the results very little.
Our results are most accurate for the A 1 form factor. In Table IV we give our values for each form factor at q 2 = 0 and its ratio to the A 1 form factor at that point. The ratios can be compared to experimental results from BaBar [4] who quote r V = V (0)/A 1 (0) = 1.849(60)(95) and r 2 = A 2 (0)/A 1 (0) = 0.763(71)(65). We find r V = 1.72(21) and r 2 = 0.74 (12) , in agreement with experiment. We can also take the ratio r 0 = A 0 (0)/A 1 (0) on the lattice and we find r 0 = 1.14(6). The error in the lattice QCD results is dominated in all cases by the statistical error in the raw lattice results. To extract the differential decay rate from Eq. 4, we need to combine the form factors into the helicity amplitudes given in Eqs. 5 and 6. The helicity amplitudes appear in Eq. 4 as p φ q 2 |H i (q 2 )| 2 , so we plot this combination as a function of q 2 in Figure 5 for H ± (q 2 ) and H 0 (q 2 ). In Figure 5 , we include a multiplying factor of 32 9 from the angular integration; the factor is the same for each helicity. This means we are plotting the contribution to the differential decay rate as a function of q 2 for each helicity. The cross terms between different helicity amplitudes in Eq. 4 vanish when we integrate over the angle χ so these only affect the distribution in χ, and not in q 2 . At low q 2 , the decay rate is dominated by H 0 (q 2 ). Throughout the range of q 2 , both H 0 (q 2 ) and H − (q 2 ) contribute more than H + (q 2 ), as expected from the V − A nature of the weak interaction. As we plot the combination p φ q 2 |H i (q 2 )| 2 , all the helicity amplitudes go to zero at q 2 max because p φ = 0 in this limit. The terms which are suppressed by the lepton mass appear in the differential decay rate as m 2 p φ |H i (q 2 )| 2 and the largest contributions come from H t (q 2 ) and H 0 (q 2 ) which are enhanced at low values of q 2 . In Figure 6 , we plot these contributions as m 2 µ p φ |H i (q 2 )| 2 , again including factors from the angular integrals, so that these can be compared directly with Figure 5 . The scale is the same and shows that these contributions are only large at small values of q 2 . The decay D s → φµν has been studied by FOCUS [26] . Here we compare our results in most detail to those of BaBar [4] who measured the rate for D s → φeν. For electrons in the final state, the contributions shown in Figure 6 are smaller by a factor of m 2 e /m 2 µ (=2 × 10 −5 ) and will not be visible.
Determining Vcs
The differential decay rate for D s → φ ν is given by Eq. 4 and we can plot it as a function of each of q 2 , cos θ K , cos θ and χ by integrating over the other three. The angular integrals are straightforward and we integrate over q 2 numerically. The distributions we obtain from our form factors are plotted in Figure 7 , where we take the value of V cs from unitarity and use Br(φ → K + K − ) = 0.489(6) [19] . Our lattice results are plotted as red data points with errors and the experimental results from BaBar [4] are plotted as the blue histogram. To avoid the effects of experimental cuts on the distributions (particularly on the lepton momentum), we reconstruct the decay rate in each bin from the results quoted by BaBar for the ratios of form factors at q 2 = 0 and the pole masses for the q 2 distributions they obtain from fits to their data. The experimental errors are not plotted, but they are of a similar size to our lattice errors. There is good agreement between the lattice results and experiment both in magnitude and shape for each of the differential distributions. We discuss the different distributions one by one below.
After performing the angular integrals, all of the helicity factors, |H + (q 2 )| 2 , |H − (q 2 )| 2 and |H 0 (q 2 )| 2 have the same coefficient in the q 2 distribution. The relative contribution of each one as a function of q 2 is then as shown by Figure 5 .
The cos θ distribution is dominated by H 0 at cos θ = 0. |H 0 | 2 appears with a factor of (1−cos 2 θ ) so makes no contribution at the cos θ = ±1 ends of the distribution. At cos θ = 1, the only helicity that contributes is H + and at cos θ = −1, only H − contributes as these helicity amplitudes appear with factors (1 ± cos θ ) 2 . We see that the distribution is larger at cos θ = −1 than +1, which is a result of the dominance of H − over H + coming from the V − A weak interation.
The helicities H ± both contribute to the cos θ K distribution as 1 − cos 2 θ K and dominate at cos θ K = 0. At cos θ K = ±1, the only contribution is from H 0 , which contributes as cos 2 θ K . The coefficients from the integrals over cos θ and χ are By integrating over all of the kinematic variables, we can calculate the total decay rate. We can then extract V cs by comparing the total decay rate to that measured by BaBar in [4] . We take BaBar's branching ratio for D s → φe + ν e of 2.61(17) × 10 −2 and τ Ds = 500(7) × 10 −15 s [19] . The experimental measurements and lattice calculation differ by a factor of |V cs | 2 so we obtain V cs = 1.017(44) latt (35) expt (30) KK . The error from lattice QCD includes statistical errors from the lattice data (which dominate), uncertainty in the determination of the weak current Z factors and the extrapolation to the physical point. The final error takes into account the fact that the φ meson has a strong decay mode to KK. As discussed in Section IV A, we estimate this error to be 3%. This gives us a final result of V cs = 1.017(63).
This value is in agreement with unitarity [19] and other lattice measurements of V cs from D s leptonic [8] decay and D → K ν semileptonic [1] decay.
V. DISCUSSION
For pseudoscalar to pseudoscalar meson transitions, we have found that the form factors agree for D → K and D s → η s to within 2% [1] . These decays differ only by whether the spectator quark in the decay is a light or strange quark. To test whether the same is true for the pseudoscalar to vector transitions, we can compare the form factors we extract for D s → φ with experimental results for D → K * . CLEO [6] give their reconstructed values of q 2 |H i (q 2 )| 2 for i = ±, 0 in q 2 bins We construct the D → K * helicity amplitudes from Eqs. 5 and 6, using the same form factors as D s → φ and replacing the meson masses and kinematic factors with those appropriate for D → K * . In Figure 8 , we plot q 2 H 2 i (q 2 ) for H ± and H 0 . The lattice data is plotted in red and CLEO's results are in black. The final red point is offset slightly from experiment -it is at q 2 max = 0.954 GeV 2 . The CLEO data is normalised by q 2 |H 0 (q 2 )| 2 → 1 as q 2 → 0, so we apply the same normalisation condition to the lattice results.
There is reasonable agreement between lattice and experiment, which indicates that the semileptonic form factors for D s → φ and D → K * also show little dependence on the spectator quark mass. However, the comparison between the D s → φ and D → K * decays may be further complicated by the vector particles' widths. We have treated the φ meson as stable in our calculation of the semileptonic form factors and take a systematic error, as described in Section IV A, to account for this. The width of the K * is considerably larger than that of the φ and this may have a larger effect on the D → K * ν decay, limiting the extent to which we can expect it to be well described by the D s → φ ν form factors we have calculated. This strong decay mode also makes it difficult to calculate D → K * form factors directly to high accuracy in lattice QCD.
We do not compare the results for H t (q 2 ) because the experimental errors are too large. However, CLEO are able to use the ratio of semileptonic decays to electrons and muons to extract information about the lepton-masssuppressed helicity functions. This is encouraging for a future comparison of these helicity functions between lattice QCD and experiment.
VI. CONCLUSIONS
We have calculated the complete set of axial vector and vector form factors for a pseudoscalar to vector weak semileptonic decay from full lattice QCD for the first time. We chose the process D s → φ ν because the initial and final mesons contain no valence light quarks and so we can do a relatively accurate calculation. We are also able to cover the full range of q 2 available to the decay. Calculating all of the form factors allows us to construct the angular decay distributions which contain information about the helicity of the W boson because the final state particle is a vector. The distributions we obtain are in good agreement with those observed by experiment.
Comparison of the total rate, integrated over all kinematic variables, with the experimentally measured branching fraction allows us to extract a value for the CKM element V cs . Our final result for V cs is 1.017(44) latt (35) expt (30) KK . In Figure 9 , we compare this value with those from the lattice determination of the cay and from the D → K form factor and its comparison to D semileptonic decay. The value from CKM unitarity is also shown. We see that the result from D s → φ decay is in good agreement with the other results but has larger errors. This is a combination of both larger lattice QCD and experimental errors. The lattice QCD error is dominated by the statistical error in the determination of the form factors. Although the current calculation did use a large sample of configurations, reducing the statistical error is certainly feasible at these values of the lattice spacing. This would make an improved experimental error, for example from BESIII, highly desirable.
The fact the φ has a strong decay to KK and so is not gold-plated is an additional source of uncertainty. Here we have estimated this at 3% based on studies of the φ mass and decay constant as well as phenomenological arguments. For the φ meson, we find M φ = 1.032(16) GeV and f φ = 241(18) MeV, leading to Γ(φ → e + e − ) = 1.41(21)keV, in agreement with experiment (1.27(4) keV [19] ). Further studies are underway of the φ with improved statistical accuracy and on gluon field configurations that include lighter u/d quarks going down to physical masses [27] . These should establish to higher accuracy the effect of the strong decay on the φ properties.
Several elements of our calculation point the way towards future work. We have been able to determine the pseudoscalar form factor here which contributes to a lepton-mass-suppressed helicity contribution to the decay rate. This could be observed experimentally in the D s → φµν channel and would give an additional handle to test weak interactions. We have also tested further the fact that heavy meson form factors at a given q 2 value seem to be insensitive to the spectator quark mass (between light and strange masses). Direct tests of this experimentally (for example between D s → φ and D → K * ) would be interesting. As we have seen here and in other calculations, for example [2, 9] , the HISQ action gives very small discretisation errors for c quarks. This points the way to its use for heavier quark masses. Extrapolations to the b can be done accurately if results at multiple lattice spacings are available, including very fine lattices [28] [29] [30] . The results here demonstrate that we can calculate pseudoscalar to vector meson transitions using HISQ valence quarks with nonperturbative normalisation of the vector and axial vector currents. Working at heavier masses and finer lattices and extrapolating then gives us a new method for determining vector and axial vector form factors for, for example, B → D * ν decays (for determination of V cb ) We assume that the form factors are insensitive to the spectator quark mass, so we can construct the D → K * helicity amplitudes using the same form factors as Ds → φ. The data plotted is normalised such that q 2 |H0(q 2 )| 2 → 1 as q 2 → 0.
and B s → φ + − decays (to search for new physics).
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Comparison of the values of Vcs obtained here from Ds → φ decay and those from Ds leptonic decay [8] and D → K semileptonic decay [1] . We also show the result from CKM unitarity [19] . For the staggered currents in the correlation functions needed to extract the D s → φ form factors and the φ decay constant, we have used a number of staggered axial vector and vector operators. We used both a one-link vector with spin-taste γ µ ⊗1 and a local vector with spintaste γ µ ⊗ γ µ for the φ meson 2-point correlators. The D s → φ vector form factor was extracted using a local vector current (γ µ ⊗ γ µ ) for the charm to strange transition. The axial vector form factors were extracted using both a one-link point split operator (γ 5 γ µ ⊗ γ 5 ) and a local axial vector operator (γ 5 γ µ ⊗ γ 5 γ µ ). We have calculated renormalisation factors for each of these operators nonperturbatively. The renormalisation factors, Z, on each of the ensembles used are given in Table V . The methods used to extract the Z factors are described in the following sections.
Note that the local scalar (1 ⊗ 1) and pseudoscalar (γ 5 ⊗ γ 5 ) operators that we use here are absolutely normalised through the partially conserved vector or axial vector current relation. This requires them to be multiplied by, respectively, the difference and sum of the lattice quark masses for the quarks appearing in the current. No Z factor is then needed for these operators.
1-link vector
The matrix element for a general pseudoscalar to pseudoscalar meson transition can be written as
where P and P are pseudoscalar mesons with momenta p and p and masses M P and M P respectively and q µ = p µ − p µ . When q 2 = 0, the form factors f + (0) and f 0 (0) are equal. This can be used to normalise the vector current by making a 3-point function with identical mesons at the source and sink. Eq. A1 reduces to
We normalise the V µ operator by insisting that f + (0) = 1, so we have
Here we work with a spatial vector current so this calculation must be done with mesons with the same non-zero momentum.
It is particularly easy to normalise the taste-singlet vector operator (γ µ ⊗ 1) in this way because a staggered propagator can be used as the spectator quark in the 3-point correlator. The identical mesons at each end of the 3-point function must be created with operators of the same taste so we get an overall taste-singlet 3-point correlator only if we use the taste-singlet vector operator, which is a 1-link point-split current. To obtain the same non-zero momentum for the source and sink mesons we calculate the spectator quark propagator with a phased boundary condition as in Eq. 9 [17] . The 3-point correlator for an η s → η s 3-point function with this vector current inserted between strange propagators is then
As before, the sites x, y and z are at times 0, t and T respectively and we sum over lattice sites on the same timeslice.
To obtain the Z factors the 3-point correlators are fitted, along with the appropriate 2-point correlators, according to the fit form given in Eq. 11. For the η s we use the Goldstone pseudoscalar operator so that the 2-point correlator is simply the modulus squared of the strange quark propagator. Since the 3-point function is symmetric in this case, with identical mesons at 0 and T , we can impose on the fit that V nn and V oo are symmetric matrices and V on = V no . The Z factors obtained for the 1-link taste-singlet vector current are given in Table V [31] and are labelled as Z ss γµ⊗1 . Note that the Z factors in this case are significantly different from 1. The Z factor was shown in [31] to be independent of the spatial momentum used for the spectator quark and of whether the spectator was a charm or strange quark (i.e. comparing η s → η s with D s → D s ). We also found that the Z factor did not change significantly between a cc and ss current.
Local vector
We use a local vector current for f φ with equal mass (both strange) quarks. We also use the same operator with unequal quark masses for the charm to strange transition in D s → φ. The Z factors for these two cases are calculated with different methods. In both cases, it is simplest to normalise the temporal vector; for the relativistic HISQ action the renormalisation factors for the spatial and temporal components will differ only by discretisation effects which vanish in the continuum limit. For a temporal vector current renormalisation we can work with mesons at rest.
a. Equal quark mass case
As the local vector operator is not a taste-singlet, it cannot simply be inserted into a pseudoscalar to pseudoscalar symmetric 3-point function where staggered quarks are used for each of the propagators. However, it can be normalised using a 3-point function where the spectator quark retains 4 spin components. Here it is convenient to use NRQCD for the spectator quark, as we did for the local charm-charm vector operator in [9] . The staggered-staggered current renormalisation factor should not depend (up to discretisation effects) on the details of the spectator quark, so there is no need for the NRQCD quark mass to correspond to a physical quark.
To combine a staggered propagator with one carrying spin indices, we convert the staggered propagator to a 4-spin naive propagator using the products of γ matri-ces (here denoted Ω) which diagonalise the naive quark action in spin space [2] . A staggered-NRQCD 2-point correlator is given by
where sites x and y are at times 0 and t, the sum is over timeslices and the trace is over both spin and colour. The staggered propagator g(x, y) contains no spin dependence and the Ω matrices contain no colour, so that the traces in the correlator can be separated:
This shows that we can take the spin trace after multiplying the NRQCD propagator by the Ω matrices and we can do this before combining it with the staggered propagator.
We can extend this to 3-point functions and take the spin trace of the NRQCD propagator and γ matrices in the middle of the calculation. The 3-point correlation function is
where sites x, y and z are at times 0, t and T . The NRQCD propagator is the spectator (propagator 1 in Fig. 2 ). We use x ε(z)Tr s γ t Ω † (x)G NRQCD (x, z)Ω(z) as the source for the inversion of extended propagator 2.
We calculate the NRQCD-HISQ 2-point and 3-point functions for different T values. Details of the parameters used and results are given in Table VI . Up to discretisation effects, Z should not depend on the mass of the spectator quark. On ensemble 2, the Z factor was calculated using two values of the heavy NRQCD quark mass, am h , and the results agree within the statistical errors. The Z factors used to normalise the current for f φ are the ones obtained with am h = 2.0 for the coarse ensembles 1 and 2 and am h = 1.5 for the fine ensemble 3. These NRQCD masses correspond to approximately the same physical quark mass.
We summarise our results for Z ss γµ⊗γµ in Table V . Values are close to 1 for this vector operator.
b. Unequal quark mass case
The local temporal cs vector can be normalised using a local non-Goldstone D s (made with a γ t γ 5 ⊗ γ t γ 5 operator) in a D s → η s 3-point correlator with both the D s and η s at rest. From Eq. A1 we see that the matrix element is then given by f 0 (q 2 max )(M P + M P ), up to a Z factor for the vector current. By comparing this to the result from the absolutely normalised local scalar current between the Goldstone D s and η s we can extract Z [1, 25] . The scalar current matrix element is given by:
where P is a D s meson, P , an η s , m 01 is the lattice charm quark mass and m 02 , the lattice strange quark mass. The difference in mass between the Goldstone and nonGoldstone D s is a small lattice artefact which will mean that q 2 max is not quite the same in the two cases. These two masses appear in Table III ; we use a Goldstone D s in our extraction of the axial vector form factors and the non-Goldstone D s is used when calculating the vector form factor. We see that the difference between them is very small even on the coarse lattices, and is clearly vanishing rapidly as the lattice spacing goes to zero.
The renormalisation factors that we obtain from this method are given in Table V as Z cs γµ⊗γµ . Similarly to the equal mass case, they have values close to 1.
1-link axial vector
The 1-link axial vector operator (γ µ γ 5 ⊗ γ 5 ) that we use includes a point-splitting in the same spatial direction as the polarization of the axial vector. It therefore has the same taste as local pseudoscalar operator and the partially conserved axial current, and we can use this to normalise it. For the HISQ action, the partially conserved axial current relation gives
for a pseudoscalar meson P 0 with valence quarks of lattice quark masses m 01 and m 02 . We can then normalise the 1-link axial vector operator using a correlation function where P 0 is created using a local pseudoscalar and destroyed with a 1-link axial vector. The correlator is
where x is at time 0 and y at t. The point-splitting at y is implemented by averaging over links in the forward and backward directions. We fit simultaneously with the pseudoscalar 2-point correlator where P 0 is created and destroyed by the same local pseudoscalar operator, given by
The form of the fit used is given for the 2-point function in Eq. 11. Since we have different operators at the source and sink for the C P S→AV correlators, the amplitudes for each state in that case are the product of a source operator amplitude and a sink operator amplitude. Thus, for the ground-state, the amplitude in C P S→P S is d
Including the Z factor for the operator, the axial vector fit amplitude d AV is then related to the pseudoscalar amplitude d P S through Eq. A9 by
Because the µ direction is spatial here, we need to include momentum in the meson to normalise the axial vector operator in this way. The ratio d AV /d P S is plotted against the meson momentum for pseudoscalar mesons containing charm and strange quarks for coarse set 2 in Figure 10 . From Eq. A12, the ratio should be proportional to p µ , where the µ is the direction of the axial vector, and we see that the results indeed do give straight lines through the origin. The Z factor can then be extracted from the gradient, which is (m 01 + m 02 )/(M 2 P0 Z). If the quark masses are unequal and we use the 1-link operator in Eq. A10, then we find a dependence on which quark propagator carries the meson's momentum. For the cs current that we use, the operator is normalised with the s quark carrying the momentum. This is the same situation as appears in the D s → φ 3-point functions. The effects of including momentum in point-split operators are discussed further in Appendix B. We find that the dependence on which quark carries the momentum is a lattice spacing artefact.
The values we obtain for Z cs γ5γµ⊗γ5 for each ensemble are given in Table V.
Local axial vector
The temporal component of the local axial vector (γ 5 γ t ⊗γ 5 γ t ) can be normalised by comparing amplitudes for Goldstone and local non-Goldstone pseudoscalar meson correlators. To normalise the cs current which appears in the charm to strange decay, we simply demand that the matrix element for the temporal axial current be the same for Goldstone and non-Goldstone D s mesons.
From fits to the separate Goldstone and non-Goldstone correlators we obtain amplitudes for the ground-state of d P S and d LT AV respectively. And then, from Eq. A12 but for the temporal case at zero momentum, we have normalisation condition
As before, a small discretisation effect arises from the fact that the masses of the Goldstone and non-Goldstone D s are not exactly the same at non-zero lattice spacing. The renormalisation factor, Z cs γ5γµ⊗γ5γµ , is easily extracted and given in Table V .
Appendix B: Point-split operators with momentum
Here we consider an issue with momentum and point split operators, which arises for the pseudoscalar to axial vector correlators we consider in Appendix A 3. For quark propagators carrying momentum, we use boundary conditions that incorporate a phase as in Eq. 9 [16, 17] . A propagator g θa 1 (x, y) for a quark with mass m 1 carrying momentum p a is related to propagator calculated without twisted boundary conditions by g θa 1 (x, y) = g 1 (x, y)e −iθa(x−y) (B1) where p a = θ a /L s for a lattice of spatial size L s .
For the 1-link spatial axial vector current, we implement a symmetric point-splitting at the sink in, say, the µ direction and write the correlator as 
omitting the sum over timeslices, staggered phase and colour trace. Note that the staggered phase in Eq. A10 does not contain (−1) yµ which means that the phase factor is the same at y and y ±μ.
The meson made of quarks 1 and 2 has total momentum θ total = θ 2 − θ 1 so the twisted boundary condition only needs to be applied in one of the inversions. Also different combinations of θ 1 and θ 2 should give the same result for the same θ total . When the two quarks have equal mass it makes no difference, but in the unequal mass case the simple operator in Eq. B2 shows results that depend on which quark carries which momentum.
The simplest case to study is that in which the total momentum given by θ is zero. Then the amplitude of The ratio of the axial vector to pseudoscalar amplitudes in the case where the charm and strange propagators carry the same phase at the boundary, θ. In this case, the total meson momentum is zero and we expect this ratio to be zero. The ratio is plotted against the momentum carried (in opposite directions) by each propagator. The blue squares are for the coarse Set 2 and the red circles for fine Set 3. These gauge configurations have approximately the same physical size, so the same θ corresponds to the same physical momentum on each. 
FIG. 12:
The ratio of the axial vector to pseudoscalar amplitudes in the case where the charm and strange propagators carry the same twist. In this case, the total meson momentum is zero and we expect this ratio to be zero. The ratio is plotted against a 2 . Sets 2 and 3 have different lattice spacing, but the same physical size so the same twist θ on each corresponds to the same physical momentum. The red and blue data points are for the cases in which both the strange and charm propagators carry θ = 4, 7.
the spatial axial vector current between the vacuum and a pseudoscalar meson (i.e. two pieces are complex conjugates of each other so the real part of the correlator is zero (configuration by configuration).
In the unequal mass case the amplitude is not zero and depends on θ. In Figure 11 , we plot the ratio for D s mesons created this way on both fine and coarse gauge configurations. The data is from Sets 2 and 3 with approximately the same lattice length in physical units (aL s ) so the same θ on each corresponds to the same physical momentum. We see that the difference of the ratio from zero depends linearly on the momentum carried by each quark, denoted by θ. We also see, however, that the difference is less on the fine lattices than on the coarse. A similar situation holds for non-zero meson momentum in that the amplitude ratio shows a spread which depends on how that momentum is made up from the quark momenta.
In Figure 12 , we plot the same zero momentum meson data as in Figure 11 , but now against a 2 . For each value of θ, we see that the discrepancy depends on a 2 . This demonstrates that the ambiguity in which quark carries the meson's momentum is a discretisation error. In our results (as discussed in Appendix A 3) we have determined Z using twisted boundary conditions for the s quark. The results above show that the same results would be obtained in the continuum limit if instead we had used twisted boundary conditions for the c quarks.
The difference can be avoided by using a definition of the point-split operator that is less affected by they way in which the momentum is split between the propagators, and is more symmetric. One example would be to combine propagators g θ1
